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Abstract

In this paper, using a new method (or framework), we deal with the

dissipative feature of the solution semigroup. And then we establish the

existence of global attractor for a class nonlinear evolution equation in

( ) ( ) ,1
0

1
0 Ω×Ω HH  where the nonlinear term f satisfies a critical

exponential growth condition.

1. Introduction

In this paper, we study the long-time behaviors of the solutions for

the following nonlinear evolution equation:
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where Ω  is an open bounded set of 3R  with smooth boundary ,Ω∂

where .0>µ  Equation (1.1), which appear as a class nonlinear evolution

equation, like Karman equation, is used to represent the flow of

condensability airs in the across velocity of sound district, see [7]. For the

class nonlinear evolution equation, the existence of global solutions has

been studied in [2, 7] etc. In [7], authors have discussed the existence of

global solutions in ( ) ( ).1
0

1
0 Ω×Ω HH  However, as we know, the long-time

behaviors of solutions of (1.1) have not been considered up to now. In this

paper, we try to discuss the problem.

The key idea of the paper is to use a new method (or framework), we

deal with the dissipative feature of the solution semigroup { ( )} .0≥ttS  And

then by verifying the convenient condition, i.e., asymptotically smooth

introduced in [1, 3, 5], we obtain the necessary compactness for the

semigroup { ( )} 0≥ttS  in ( ) ( ).1
0

1
0 Ω×Ω HH  So we obtain global attractors of

the product space.

2. Functional Setting

 In what follows, we give some notations which will be used

throughout this paper. Let Ω  be a bounded subset of nR  with a

sufficiently smooth boundary, ( )Ω= 1
0HV  and ( )Ω= 2LH  corresponding

norms ( ) ,2
12uu ∇∫= Ω  and ( ) ,2

12uu Ω∫=  respectively, the norms in

( ) ( )∞<≤Ω pLp 3  are denoted by ( ) .
1
pp

p uu Ω∫=  The product Hilbert

spaces

.0 VVE ×=

For any ( ) 0, Evu ∈  the norm in 0E  is denoted by

( ) ., 222
0 vuvu += (2.1)

Denote by C any positive constant which may be different from line to

line even in the same line.
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Lemma 2.1 [6]. Let Φ  be an absolutely continuous positive function

on ,+R  which satisfies for some 0>ε  the differential inequality:

( ) ( ) ( ) ( ) ( ),2 thttgttdt
d +Φ≤Φε+Φ (2.2)

for almost every ,+∈ Rt  where g and h are functions on +R  such that
there exists 00 ≥t

( ) ( ( ) ) ,0,1 01 ≥τ≥≥∀τ−+α≤ µ

τ∫ tttdyyg
t

for some 01 ≥α  and [ ),1,0∈µ  and

( ) ,sup 1
1

00

β≤∫
+

≥≥
dyyh

t

ttt

for some .01 ≥β

( ) ( ( ) ) ,,1 02 tttdyyg
t

≥τ≥∀τ−+α≤ µ

τ∫
for some 02 ≥α  and [ ),1,0∈µ  and for some 02 ≥β

( ) ,sup 2
1

0

β≤∫
+

≥
dyyh

t

ttt

where 2α  and 2β  are constants and independent of t and .0t

Then there exist constants γγ ,1  only dependent of 21, αα  and ε  such

that

( ) ( ( ) ( )) ,,,0 011
+ε− ∈∀ρ+εβγ+Φγ≤Φ RtetCt t

holds, where

( )
ε−

ε
ε

ε−

ε

−

βα
=ρ

−
=ε

e
ee

e
etC t

1
,

1
, 22

0
0

are positive constants.
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For the proof and more details, we refer the reader to [6].

Remark. In the application of the above lemma, we might not have

required regularity for .Φ  However, this is not really a problem, since we

can always suppose to work within a proper regularization scheme.

3. Global Attractor in ( ) ( )Ω×Ω 1
0

1
0 HH

We are interested in the initial boundary value problem (1.1)

involving a scalar function ( ),, txuu =  where ( )xuu 00 =  and ( )xuu 11 =

are given ., 10 Vuu ∈  The nonlinear term f grows with critical exponent.

Throughout the paper we assume that function ( )RR,Cf ∈  satisfies the

following conditions:

( ) ( ) ( ) ,,,1 44 R∈∀++−≤− srsrsrCsfrf (3.3)

also, let f admit the decomposition

,10 fff +=

with ( ),, 10 RCff ∈  satisfying

( ) ( ) ,,1 5
0 R∈∀+≤ ssCsf (3.4)

( ) ,,00 R∈∀≤ sssf (3.5)

 ( ) ( ) ,,5,11 R∈∀<+≤ spsCsf p (3.6)

( )
.suplim 1

1 λ<
∞→ s

sf
s

(3.7)

Without loss of generality, we can think p large enough, say, .3≥p
Notice that by (3.7), there exists ,1λ<λ  such that

( ) ( ) .2
1 Csssfssf +λ≤≤ (3.8)

We denote by F the function
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( ) ( ) ,
0

dssfuF
u

∫∫Ω=

which is easily seen to satisfy the inequalities

( ) ,
2
1 2 CuuF +λ≤ (3.9)

( ) ( ) .
2
1, 2 CuuFuuf +λ+≤ (3.10)

By the standard Faedo-Galerkin methods, we can obtain a unique

solution ( )tuu,  of equations (1.1), here we only formulate the result:

Theorem 3.2 [7]. The hypotheses are the general hypotheses above on
HV ,  and we assume that f satisfies the hypotheses (3.3) ~ (3.7), and

0>µ  satisfies (1.2). Let ,, 10 uu  and 0>µ  be given, then there is a

unique solution u of (1.1) satisfies

( ) ( [ ] ),;,0;,0, VTVTLuu t C∩∞∈

( ),;,0 VTLutt
∞∈

holds for any 0>T  and ( ) ., 010 Euu ∈

 The initial boundary value problem is equivalent to continuous

semigroup (see [7] etc.) { ( )} 0≥ttS  defined by

( ) ( ) ( ) ( ).,,:and: 1000 tuuuutSEEtS 6→

3.1. Bounded absorbing set

In this subsection, we assume that the nonlinearity f is a 0C  function

and satisfies (3.3)~(3.7), and 0>µ  is given and satisfies (1.2). Associated

with (3.8), (3.9) and (3.10), we can prove the following results:

Lemma 3.3. Assume that

( ) Ruu <010,

for some .0>R  Then we have the estimate
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( ) ( ) ( ),2

0
Rdssutu t

tr
rt Λ≤+ ∫

for any .0>t

Proof. We take the scalar product in ( )Ω2L  (1.1)  with tu  and let

( ) ( ),
2
1

2
1

3
2 223

3 uFuuutH tt −++= (3.11)

then we get

( ) ,02 =µ+ tutHdt
d (3.12)

and

( ) ( ),02

0
HutH t

t
=µ+ ∫ (3.13)

according to Young’s inequality and (3.9) we have

( ) ( ) ,
2
1

11
23

3 MuutH tt −+≥

and basis to (3.13)

( ) ( ) ( ),2

0

3
3 Rdssutu t

t
t Λ≤+ ∫ (3.14)

where { }µ=µ ,21minC  and ( ) ( )
.

0 11

µ

+
=Λ C

MHR

Theorem 3.4. { ( )} 0≥ttS  has a bounded absorbing set 0B  in ,0E  that

is, for any bounded subset ,0EB ⊂  there exists ( )BTT 00 =  such that

( ) .00 ttBBtS ≥∀⊂

Proof. We set uuv t δ+=  and rewrite the equation of (1.1) as

follows:

( ) ( ) ( ) ( ),1 2 ufuvvuu tttt =∆δ+µδ−−∆−∆δ−µ− (3.15)
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and we take the inner product with v  and set δ  small enough and

( ) 223
31 2

1
3
2 vuuuutE t

r
tt +δ+= −

Ω∫

( ) ( ),1
2
1 22 uFu −δ+µδ−+ (3.16)

( ) ( ) ( ) ( ) ,,1 3
3

222
2 tuuufvutE δ+><δ−δ−µ+δ+µδ−δ= (3.17)

then we obtain

( ) ( ) ( ) ( ).02 1
3
30

2
0

1 EdssudssEtE t
tt

+δ+−= ∫∫ (3.18)

The Young’s inequality gives, there exist positive constants 121 ,, kCC

and 2k  only depend on δΩ,  such that

( ) ;
3
2

1
4
3

1223
311 kuCuvuCtE tt −

ϖ
−





 ϖ++≥ (3.19)

and

( ) ,
3
2

2
223

322 kuvuCtE t −




 ϖ++≥ (3.20)

here 01 2

1
>δ+µδ−

λ
λ−=ϖ  as δ  small enough. By (3.14), this shows

that

1
223

31 3
2 kuvuC t −





 ϖ++







 −ϖ++−≤ ∫ 2

2223
32

0 3
2

C
kuvuC t

t

( ) ( )012 1
4
31

3
30

EuCdssu tt
t

+
ϖ

+δ+ ∫







 −ϖ++−≤ ∫ 2

2223
32

0 3
2

C
kuvuC t

t
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( ) ( ) ( ).012 1
3
31

2
30

3
2

EuCdssuR tt
t

+







ϖ

+δΛ+ ∫ (3.21)

Then we get

1
223

31 3
2 kuvuC t −





 ϖ++

( ) ( ).0
3
2

11
2

2223
32

0
ERC

kuvuC t
t

+Λ+





 −ϖ++−≤ ∫ (3.22)

For any ,
2

2
1 C

kM >  there exists ( )Btt 11 =  such that

( ) ( ) ( ) .
3
2

1
2

1
2

1
3
31 Mtutvtut ≤ϖ++

According to (3.14), Lemma 3.3, it follows that if ( ),1 Btt ≥  then there

exists 0>M  such that

,22 Muvu r
rt ≤++ (3.23)

which completes the proof of the desired results.

Corollary 3.5. For any ,0EB ⊂  there exists ( ),BTT =  such that

( ( ) ( ) ) ,2
2222 Muuduu tttttt

t
≤++ττ+τ∫

∞+
(3.24)

provided that ,Tt ≥  where 2M  is a positive constant only depends on C

(given by (3.8) and (3.9)) and M (given by (3.23)), .Ω

Proof. Multiplying (1.1) by ( ) ,, ttt utu  respectively integrating in dx

over ,Ω  and then integrating in τd  on [ ]∞+,t  and Theorem 3.4 and

Sobolev embedding ,31
0 LH   we can conclude above.

Hereafter, we always assume that for some uuv t δ+=>δ ,0  and

{( ) },;, 00 MuuEuuB tt ≤+∈=

is the bounded absorbing set of { ( )} 0≥ttS  in 0E  obtained in Theorem 3.4.
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3.2. Global attractor

Let ( )txu ,  be a unique weak solution of (1.1) corresponding to the

initial data ( ) ( ) ( )., 1
0

1
0100 Ω×Ω∈= HHuuz  We decompose u into the

sum

( ) ( ) ( ),twtvtu +=

where ( )tv  and ( )tw  are the solutions to the problems

( ) ( )

( ) ( )





==
=

=∆−∆µ−∆−

Ω∂

10

0

0,0
,0

,

uvuv
v

vfvvvvv

t

tttttt
(3.25)

and

( ) ( ) ( )

( ) ( )





==
=

−=∆−∆µ−∆−−

Ω∂
.00,00

,0
,0

t

tttttttt

ww
w

vfufwwwvvuu
(3.26)

It is convenient to denote

( ) ( ( ) ( )) ( ) ( ( ) ( )) ( ) ( ( ) ( )).,,,,, twtwtztvtvtztututz tetdt ===

Lemma 3.6. For any ,0≥R  there exist ( ) 000 ≥= RMM  and

( ) ,000 >= Rkk  such that whenever ,00 Rz ≤  it follows that

( ) ,,0
00

+− ∈∀≤ RteMtz tk
d

the constants 0M  and 0k  only depend on R.

Proof. Denoting ,vvt ε+=ξ  then rewrite the equation of (3.25) as

follows:

( ) ( ) ( ) ( ),1 0
2 vfvvv tttt =ξ∆ε−µ−ξ∆−∆ε+µε−− (3.27)

and set

( ) ( ) ( ).21 0
222 vFvtE −ξ+ε+µε−= (3.28)

Associating to (3.5) we get the differential inequality
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( ) ( ) ( ) 222 212 ξε−µ+ε+µε−ε+ vtEdt
d

ξε−ξ−≤ ∫Ω ttvv4

vvv tttt ξε+ξ≤ 44 2

( ) ( ) ( ).1 222222 vvCv tt +ξ+ε+µε−ε+ξε−µ≤ (3.29)

Multiplying (3.25) by ( ),tvt  integrating in dx  over ,Ω  then integrating in

τd  on [ ],,0 t  then

( ) .supsup 0
00

+∞<
+∈≤

tzd
tRz R

So we get

( ) ( ) ,0,2 26
6

2
0 ≥∀≤+≤− tvkvvCvF

where ( ) .1≥= Rkk  Let

( ) .0,1

1

1
,

2

2
>ε∀≤

+ε+µε−

ε+µε−=ε= kk
kww

Then by (3.28), there exists a constant w such that

( ( ) ) ( ) .1 222 vtEw ε+µε−≤ξ− (3.30)

Combining (3.28), (3.29), (3.30) and the Young’s inequality, we are led

to the differential inequality

( ) ( ) ( ( ) ) ( ).1 22 tEvCwtwEtEdt
d

tt≤ξε+−µ+ε+

Let ε  be small enough such that

( ) ,
12 w+
µ≤ε

then

( ) .01 ≥ε+−µ w
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By Lemma 2.1 and Corollary 3.5, so there holds

( ) ( ) .0 0tkeCEtE −≤

Putting together (3.28), the proof is finished.

Lemma 3.7. For any time +∈ RT  and every ,µ  there exists a

compact set ( ) ( )Ω×Ω⊂ 1
0

1
0 HHTK  such that

( ) [ ].,0,
00

Tttz TcBz
∈∀∈

∈
K∪

Proof. Associating to Theorem 3.4 and Lemma 3.6, there exists a

positive constant C, such that

.,22223
3

3
3

+∈∀≤+++++ RtCvuvuvu tttttt (3.31)

Setting

{ },
2

5,
4
1min p−=σ

multiplying the equation (3.26) by ,twAσ  we have

( ) ( ) tttttttc wAvvuuwAzdt
d σσ+

σ −+µ+ ,
2
1 22/12

( ) ( ) ( ) ,,, 1 tt wAvfwAvfuf σσ +−= (3.32)

where

( ) ( ) .22/122/12
tc wAwAz σ+σ+

σ +=

By (3.3), we get

( ) ( ) ( ) tt wAwvuCwAvfuf σ

Ω

σ ++≤− ∫ 441,

( ) ( ) ( )
twAwAvuC 2/12/1441 σ+σ+++≤

( ) ,
3

22/12
tc wAzC σ+

σ
µ+≤ (3.33)
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combining with ( ) 125 ≤σ−p  and (3.5) we have

( ) ( ) t
p

t wAvCwAvf σ

Ω

σ +≤ ∫ 1,1

( ) ( )
t

p wAvC 2/11 +σ+≤

( ) .
3

22/1
twAC +σµ+≤ (3.34)

Combining with ( ) 1241 ≤σ−  and (3.31) we have

( ) tttttt wAvvuu σ− ,

( ) ttttttt wAvvuu σ

Ω
+≤ ∫2

( )
12

6
+σ

σ+≤ ttttttt wAvvuuC

( ) .
3

22/1
twAC +σµ+≤ (3.35)

Putting together (3.33), (3.34) and (3.35) there holds

,22 CzCzdt
d

cc +≤ σσ

by the Gronwall lemma, we find

[ ].,0,12 Ttez Ct
c ∈∀−≤σ

The proof is finished.

Collecting now Theorem 3.3, Lemma 3.6 and Lemma 3.7, we establish

that { ( )} 0≥ttS  is asymptotically smooth. Therefore, by means of well-

known results of the theory of dynamical systems we get

Theorem 3.8. Let 3R⊂Ω  be a bounded domain with smooth
boundary, and we assume that f satisfies (3.3)-(3.7), the semigroup

{ ( )} 0≥ttS  possesses a global attractor A  on ( ) ( ).1
0

1
0 Ω×Ω HH
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