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Abstract

In this paper, using a new method (or framework), we deal with the
dissipative feature of the solution semigroup. And then we establish the

existence of global attractor for a class nonlinear evolution equation in

H§(Q)x H5(Q), where the nonlinear term f satisfies a critical

exponential growth condition.
1. Introduction
In this paper, we study the long-time behaviors of the solutions for
the following nonlinear evolution equation:

(Jug |y )y — Au — pAuy — Auy = f(uw) in Q,
ul 1=0= Uo, Ug|1=0= w1 in  Q, (1.1)
u=20 on 0Q,
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where Q 1is an open bounded set of R? with smooth boundary 0Q,
where p > 0. Equation (1.1), which appear as a class nonlinear evolution

equation, like Karman equation, is used to represent the flow of
condensability airs in the across velocity of sound district, see [7]. For the
class nonlinear evolution equation, the existence of global solutions has

been studied in [2, 7] ete. In [7], authors have discussed the existence of
global solutions in H{(Q)x H}(Q). However, as we know, the long-time

behaviors of solutions of (1.1) have not been considered up to now. In this

paper, we try to discuss the problem.

The key i1dea of the paper is to use a new method (or framework), we

deal with the dissipative feature of the solution semigroup {S(t)},>,. And

then by verifying the convenient condition, i.e., asymptotically smooth

introduced in [1, 3, 5], we obtain the necessary compactness for the
semigroup {S(t)},5o in H(Q)x Hj(Q). So we obtain global attractors of

the product space.
2. Functional Setting

In what follows, we give some notations which will be used
throughout this paper. Let Q be a bounded subset of R" with a
sufficiently smooth boundary, V = Hy(Q) and H = L*(Q) corresponding

norms [ = ( [Vl )%, and || = (Jolu* )%, respectively, the norms in

LP(Q)(3 < p < ©) are denoted by |u|p = (Jolu? )% The product Hilbert
spaces

EOIVXV.

For any (u, v) € E( the norm in E; is denoted by

2 2 2
G 0)flg = flel® + o] 2.1)

Denote by C any positive constant which may be different from line to

line even in the same line.
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Lemma 2.1 [6]. Let ® be an absolutely continuous positive function

on R™, which satisfies for some € > 0 the differential inequality:
% D(t) + 260(t) < (YD) + h(2), 2.2)

for almost every t € R*, where g and h are functions on R™ such that

there exists ty > 0
t
[y < ax@e@-op),  vigzizezo0,
T
for some a; > 0 and pn € [0, 1), and

t+1
sup [ [h()idy < By,
to2t20 9t

\%

for some B; 2 0.

t
I lg)dy < ag(l+(t-1)), Vt=12t,
T

for some ag > 0 and n € [0, 1), and for some By > 0

t+1
sup [ [h(y)ldy < Bs,
t=tg vt

where a9 and Pg are constants and independent of t and t.

Then there exist constants y1, y only dependent of oy, ag and & such

that
@(t) < (y@(0) + y1B1C(e, to))e ™ +p, Vi e RT,

holds, where

e o
Cle, ty) = € e, _ %oPge”

are positive constants.
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For the proof and more details, we refer the reader to [6].

Remark. In the application of the above lemma, we might not have

required regularity for ®. However, this is not really a problem, since we

can always suppose to work within a proper regularization scheme.
3. Global Attractor in H}(Q)x H(Q)

We are interested in the initial boundary value problem (1.1)

involving a scalar function u = u(x, t), where ugy = ug(x) and u; = uy(x)
are given ug, u; € V. The nonlinear term f grows with critical exponent.
Throughout the paper we assume that function f € C(R, R) satisfies the

following conditions:
1f(r) = f(s)| < Clr = s|(L +]rf* +|o|*), vr,seR, (3.3)

also, let f admit the decomposition

f=h+h,
with fy, f; € C(R), satisfying
Ifo(s)| < C(1+]s]®), Vs e R, (3.4)
fo(s)s <0, Vs eR, (3.5)
|fi(s) < C+s”), p<5,VseR, (3.6)
1118115;};)@ <. (3.7)

Without loss of generality, we can think p large enough, say, p > 3.
Notice that by (3.7), there exists A < Ay, such that

f(s)s < fi(s)s < as® + C. (3.8)

We denote by F the function
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u
Fw) = | | f)s.
QJ0
which is easily seen to satisfy the inequalities

Flu) < 3l +C, (3.9)

(Flw), w) < F()+ 5 Ml + C. (3.10)

By the standard Faedo-Galerkin methods, we can obtain a unique

solution (u, u; ) of equations (1.1), here we only formulate the result:

Theorem 3.2 [7]. The hypotheses are the general hypotheses above on
V, H and we assume that [ satisfies the hypotheses (3.3) ~ (3.7), and

p > 0 satisfies (1.2). Let ug, uy, and p > 0 be given, then there is a

unique solution u of (1.1) satisfies
u, u, € L*(0, T; V)Nnc(o, T}; v),
uy € L*(0, T; V),

holds for any T > 0 and (ug, u;) € Ey.

The initial boundary value problem is equivalent to continuous
semigroup (see [7] etc.) {S(t)},», defined by

S(t): Eg > Ey and S(¢) : (ug, u1) > (u, uy).
3.1. Bounded absorbing set

In this subsection, we assume that the nonlinearity fis a C° function

and satisfies (3.3)~(3.7), and p > 0 is given and satisfies (1.2). Associated
with (3.8), (3.9) and (3.10), we can prove the following results:

Lemma 3.3. Assume that
I(uo, w)ly < R

for some R > 0. Then we have the estimate
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i
|l ()] + jou u,(s)|Pds < A(R),

forany t > 0.

Proof. We take the scalar product in L? (Q) (1.1) with u; and let

2 1 1
H(t) = Sluly + 5 el + 5w - F), (3.11)
then we get
d 2
T HO + ulu|* =0, (3.12)
and
t
Ht) + ”Io lw|? = H(0), (3.13)

according to Young’s inequality and (3.9) we have
1 3 2
H@) > L} + o)~ M,
and basis to (3.13)

t
O + [ (@) ds < AR, (3.14)

H(0) + My,
—F—1.

n

where C, = min{1/2, u} and A(R) =
Theorem 3.4. {S(t)},>, has a bounded absorbing set B, in E,, that
is, for any bounded subset B — E, there exists Ty = To(B) such that
Sit)B = By Vt=>t.

Proof. We set v = u; + du and rewrite the equation of (1.1) as

follows:

(Jug |y ), — (n—8)Av — Avy — (1 — pd + 82)Au = f(u), (3.15)
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and we take the inner product with v and set 5 small enough and

2 - 1
El(t) = §|ut|§ + Sjglutlr 2utu + §||U||2

+ 5 (15 + 8l - Fw), (3.16)

Eg(t) = 8(1 - 8 + 8%l + (= )ol® -8 < ) u > +3luy [, (3.17)
then we obtain

t t 3
Ey(t) = —jo Ey(s)ds + 28I0|ut(s)|3ds + E,(0). (3.18)

The Young’s inequality gives, there exist positive constants Cj, Co, &y

and k9 only depend on Q, & such that
By(0) = Cyf 23+ uf? 2)_CL |t gy 3.19
10 2 G| 3 lugls + ol + ofjul™ | = — w3 = Fas (3.19)

and

2
Eqlt) > C2(§|ut|§ f? + w||u||2) —ky, (3.20)

here w =1 - % —ud + 62 >0 as & small enough. By (3.14), this shows
1

that

2,3 2 2
Ci( 3l +” + olf? )~ 2

IA

Lo (208 L 12 2k
f o Bluall + 1ol + aful® - £

t 3 1, 14
+ 26I0|ut(s)|3ds +C Elutl3 + E;(0)

b (2, 8 2 2k
[ Caf Bl + 1087 + oful? - 22
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+ A(R)%(26I5|ut(s)|§ds +C %|ut|§J + E1(0). (3.21)

Then we get
Co{ 2 g3 + 1l + wluf?® | -
1 3 ut 3 U || U 1
¢ 2 k
<[ 02(§|ut|§ ol + ofuf? - c_zj MR +E0). (322)

k .
For any M; > C—Z, there exists ¢; = ¢;(B) such that
2

2
3 lu ()3 + o)l + wu(n)[* < M.

According to (3.14), Lemma 3.3, it follows that if ¢ > ¢;(B), then there
exists M > 0 such that

|+ ol + [l < M, (3.23)

which completes the proof of the desired results.

Corollary 3.5. For any B c E, there exists T = T(B), such that
oo 2 2 2 2
[ Q@ + a0 s+ P e P < M, 6.2
provided that t > T, where My is a positive constant only depends on C

(given by (3.8) and (3.9)) and M (given by (3.23)), Q.

Proof. Multiplying (1.1) by u;(t), uy, respectively integrating in dx

over Q, and then integrating in dt on [t, +] and Theorem 3.4 and

Sobolev embedding H (1) o I3, we can conclude above.
Hereafter, we always assume that for some 6 > 0, v = u; + du and
By = {(w, uy) € Eg; ||| + |u|| < M},

is the bounded absorbing set of {S(t)},», in E, obtained in Theorem 3.4.
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3.2. Global attractor
Let u(x, t) be a unique weak solution of (1.1) corresponding to the

initial data zy = (ug, 4y ) € H§(Q)x Hy(Q). We decompose u into the

sum
u(t) = vt) + w(t),
where v(t) and w(t) are the solutions to the problems

(|Ut|vt )t - Av - pAY, - Avy = fy(v),
U 50=0, (3.25)
v(0) = ug, v;(0) = 1y

and

(Jug ey = vgfvy )y = Aw = pAw, — Awy = f(u) - fo(v),
w0 = 0, (3.26)
w(0) = 0, w;(0) = 0.

It is convenient to denote
2(t) = (ut) w(2)), zq(t) = (v(2), v (1)), 2¢(t) = (w(t), w,(2)).
Lemma 38.6. For any R >0, there exist My = My(R) >0 and
ko = ko(R) > 0, such that whenever ||zy|, < R, it follows that
lza(®)ly < Moe™™*, vt e R,
the constants M, and kg only depend on R.

Proof. Denoting & = v; + v, then rewrite the equation of (3.25) as

follows:
(Jvgfo ), = (1= pe + €% )Av = AZ, — (u = )AL = fy(v), (3.27)

and set
E(t) = (1 - pe+ 2 )| + |g|* - 2Fy (). (3.28)

Associating to (3.5) we get the differential inequality
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LB@)+ 260 - o+ & Yol + 20 - o)
< _4JQ|§ — evfoyd

2
< Aoy 16" + 4efoe [l1E] 0]

< (- o + o1 - pe + Aol + Clog P + BE). (329

Multiplying (3.25) by v;(¢), integrating in dx over Q, then integrating in
dt on [0, t], then

sup sup [z4(t)], < +o.
lzolly<R teR*

So we get
2 6 2
- 2Fy(v) < C([v]” +[v]g) < Klv|*, Vvt =0,
where k = k(R) > 1. Let

2
1-pe+e Sl

—, Ve >0.
1—ua+82+k k

w=we, k) =

Then by (3.28), there exists a constant w such that
2 2 2
w(EQ) - |4 < (1 - e + 62 ol (3.80)

Combining (3.28), (3.29), (3.30) and the Young’s inequality, we are led
to the differential inequality

;%E@meE@+(u—ﬂ+wkmq2SCMUFE@.

Let & be small enough such that

w

<
E oMt w)’

then

p-01+w>0.
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By Lemma 2.1 and Corollary 3.5, so there holds
E(t) < CE(0)e*o*.
Putting together (3.28), the proof is finished.
Lemma 3.7. For any time T € R™ and every u, there exists a
compact set Ky < H(Q)x HY(Q) such that

U z.(0)e #p, Vtel0,T]
20€Dg

Proof. Associating to Theorem 3.4 and Lemma 3.6, there exists a

positive constant C, such that
3+ oels + e I + o P+ ld® + o < €, vee R, (3.3D)
Setting

—min{ Ll 2-P
6 = min{ 13 }
multiplying the equation (3.26) by A°w;, we have

d
gllzclli + H|1‘1(1+6)/2wt|2 + (g g = vy loy )y, A%wy)

Do —

= (f(w) - flv), A°w; )+ (fi(v), A%w,), (3.32)
where

"Zc "i _ |A(1+G)/2w|2 + |A(1+0)/2wt|2.
By (3.3), we get

(f(w) - f(v), A®w,) < C j Q(l +* + Jof* || ACw, |

< O+ [uf* + o) AT 2] A0+0) 20y, |

< Clze|? + %|A(1“’)/2wt|2, (3.33)



454 YONGQIN XIE and GUIXIANG QIN

combining with p /(5 - 26) < 1 and (3.5) we have

(i) A%w) < Cf (1 +]")|A%w]

< CL+ o)A 2wy |
<C+ %|A(G+l)/2wt 2. (3.34)
Combining with 1/(4 — 25) < 1 and (3.31) we have
(Clug [y =[ogloy);» A%u0,)

< 2IQ(|ut”utt| + [vg oy )| A%wy |
< C( g Mzege | + vg llvge 1A, |_6
20+1

<C+ %|A(‘”1)’2wt 2. (3.35)
Putting together (3.33), (3.34) and (3.35) there holds
d 2 2
77 17l < Clzclg + €,

by the Gronwall lemma, we find

Ct

|22 < e -1, vtelo, T

The proof is finished.

Collecting now Theorem 3.3, Lemma 3.6 and Lemma 3.7, we establish
that {S(¢)},5, is asymptotically smooth. Therefore, by means of well-

known results of the theory of dynamical systems we get

Theorem 3.8. Let Q c R® be a bounded domain with smooth

boundary, and we assume that [ satisfies (3.3)-(3.7), the semigroup

{S(t)},50 possesses a global attractor o on HY(Q) x H{ ().
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